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Reply by Authors to W. C. Robison and
J. R. Nelson

HAROLD J. HOGE* AND RONALD A. SEGARS!
U. S. Army Natick Laboratories, Natick, Mass.

THE data presented by Robison and Nelson in the pre-
ceding comment are one of six sets given by Nelson in

Ref. 2 of the comment. We have examined all six sets hoping
to apply the concept of generalized choking to them. How-
ever, the outlet pressure into which the mixing-tube flow dis-
charged was, in all cases, atmospheric pressure. The initial
stagnation pressure of the driven stream was also, in all cases,
atmospheric pressure. The initial stagnation pressure of the
driving stream did not exceed 5.5 atm. Under these condi-
tions we cannot be sure that the outlet pressure was low
enough to permit generalized choking to occur.

We have a few small indications that the methods of calcu-
lation derived for generalized choking may apply in some cases
even when the back pressure is too high for the choking actually
to occur; however, these indications are not well enough estab-
lished for us to be ready to apply the methods of generalized
choking to the data of Nelson. All of the six sets of data show
a pressure rise in the downstream portion of the mixing tube.
This pressure rise probably indicates that an extended shock
(pseudo shock) is being formed in the driving stream. Be-
cause the mixing tube is short, the extended shock is not com-
pleted before the flow reaches the end of the tube. If the
downstream pressure were lowered, this shock probably would
be pulled out of the mixing tube; and soon after that we would
expect generalized choking to occur. The evidence of chok-
ing is, of course, that further lowering of the downstream
pressure produces no change upstream from the plane of
choking.

Robison and Nelson, in their Fig. 2, show an interesting
situation in which the driving stream, after entering the
mixing tube, first expands and then contracts. The space
remaining for the driven gas has the form of a converging-
diverging nozzle, and the wall pressures in Fig. 1 of the com-
ment indicate that the driven stream very well may become
sonic at its narrowest cross section and supersonic as it flows
downstream. We are not prepared to say whether the total
flow in Fig. 2 of Robison and Nelson is choked or not. Even
if we accept the flow of the driven stream as sonic at its nar-
rowest cross section, it is still possible that a change in outlet
pressure would cause a readjustment of the driving and driven
streams and that this readjustment would change the area of
the narrowest cross section of the driven stream. In such a
case, downstream conditions and upstream conditions would
not be decoupled, and the flow would not be truly choked.

The situation shown in Fig. 2 of the comment shows a sub-
stantial departure from one dimensionality; the driving gas
has a strong divergence as it enters the mixing tube. Also,
if we traverse the driving stream at its first cross-section max-
imum, we cross several interference fringes. Presumably,
these fringes indicate that the density and the pressure at the
axis of the driving stream are lower than at the edges, where
the driving and driven streams are in contact. Nonuni-
formity in direction of flow and nonuniformity in pressure are
of course ignored in our one-dimensional treatment. If these
nonuniformities do not seriously modify the over-all picture,
our model may still give useful results. At present, there is
not much information establishing the limits of usefulness of
the one-dimensional approach when applied to two interacting
streams. However, the one-dimensional method has proved
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very useful for single streams, and we are more optimistic
than Robison and Nelson about its usefulness for two or more
streams.

Comment on "Computer Analysis of
Asymmetric Free Vibrations of Ring-

Stiffened Orthotropic Shells of
Revolution"

EDWARD W. Ross JR.*
U. S. Army Materials Research Agency,

Water town, Mass.

IN a recent article, Cohen1 described a computer analysis
of free vibrations of thin shells. Among the results he

obtained were natural frequencies and modes for axisymmetric
vibration of a 60° spherical dome, a case which had been
studied previously by Kalnins.2 Cohen found an extra
frequency between the second and third frequencies for a
fixed-hinged edge given in Table 1 of Kalnins2 paper. The
purpose of this Note is to make some remarks about this fre-
quency and mode and to show how it can be found with very
little computation by asymptotic theory.

The basis for these remarks is a paper by the writer,3 in
which approximate frequency conditions and modes were
derived for spherical domes under a variety of edge conditions.
For a fixed-hinged edge, the approximate frequency condi-
tion f is

A-1/2 X

[A3 - ( ! -„ ) -
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and the modes are for </> ^ 0
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Here, u and w are the meridional and normal (outward) dis-
placements; (/> is the latitude coordinate (c/> = 0 is the pole,
and </> = \f/ the edge); and v is Poisson's ratio. Also, if
co is the frequency, E Young's modulus, h, p, and R the
thickness, density, and radius of the sphere, then

122 = co2
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f This is not quite the same as the frequency condition stated

in Eq. (54) of the paper.3 In obtaining the latter form, an addi-
tional approximation S(\j/) = 0(A~1/2) was introduced into the
previous condition. That approximation is accurate only for
the bending frequencies. Here we deal with membrane fre-
quencies and thus must use the frequency condition in its pristine
form(l).
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The natural frequencies are found by solving the frequency
condition (1). First approximations can be found by neg-
lecting terms involving A~1/2, in which case (1) becomes
merely

The frequencies obtained by setting to zero the first factor,

- 0 at <t> = ^

are exactly the frequencies that would have been found by
using membrane theory from the beginning. We shall focus
attention on the lowest of these frequencies, which has (for
v = 0.3)

= [2/(l - = 1-690 =

and often is described as the breathing frequency. If we
now return to (1) and retain the terms involving A~1/2, a
simple trial-and-error calculation gives the more accurate
value,

-0.44 12 « 1.650

when h/R = 0.05 and \j/ = ?r/3. This is in very close agree-
ment with the value found for this case by Cohen1

12 = 1.646

The mode is found from (2) and (3), but it is necessary to
replace these by (4) and (5) near <t> = 0. There are three
terms involved in the expression for w, Eq. (2). First, the
membrane contribution is PW3(cos<£), which nearly is inde-
pendent of </>. The remaining two terms contain the bending
solutions. The more important of these involves $(</>) and
is a fairly rapid, damped oscillation. The other term con-
tains eb^~^ and is negligible except near the edge, since
b » 1 and <£ < \[/. This is an edge effect term, which allows
us to satisfy all the boundary conditions at 0 — \f/. The u
mode given by (3) contains three terms of the same type, but
is much smaller than the w mode because the bending terms
all are multiplied by the small quantity A^1/2 and the mem-
brane term involves the derivative of the nearly constant
function Pn3(cos<£). The graph of these formulas is in good
agreement with Fig. Ic of CohenV paper.

If the edge were clamped, the results of a pure membrane
analysis would be the same as for the fixed-hinged case con-
sidered previously. We may expect, therefore, that a fre-
quency near the membrane breathing frequency also will be
found for a clamped edge. For this case, the frequency equa-
tion and modes can be found, as in the writer's3 paper,!

2A-1/2Pn3(cos*)[X3 -
A-!/2(f) cot*] =

(1 - v) - (1 - i/2)Q2] X
- A-i/2(f)cot*S(*)] (6)

t This frequency condition is slightly different from the one
given as Eq. (55) of the paper3 for reasons similar to the ones
pertaining to the frequency equations for the fixed hinged case.
Also, there is a minor error in Eq. (55).

Fig. 1 Mode associ-
ated with the fre-
quency 12 — 1.696 for
a clamped spherical
shell with h/R =

0.05, t = 60°.
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For <£ « 0,

w = PB,(cos0) - A-1/4Pn3(cos^) X

u/(l + *0 = [As - (1 - v)
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The trial-and-error solution of (6) leads to
m = 0.033 A3 = 0.0341 12 - 1.696

(8)

(9)

(10)

The modes given by (7-10) are plotted as Fig. 1. A fre-
quency very close to this, 0 = 1.702, was found for this case
by D. R. Navaratna,4 who employed a numerical scheme
based on a variational procedure. The differences between
his mode and that given by (7-10) are imperceptibly small
on the scale of Fig. 1.

We may summarize by saying that for both clamped and
fixed-hinged edges there is an extra natural frequency between
the second and third ones given in Kalnins2 Table 1. This
extra frequency is quite close to the membrane breathing
frequency. The mode is a superposition of membrane and
bending terms which is considerably different from the pure
membrane mode despite the closeness of the frequencies.

The frequency equations (1) and (6) show that the departure
of this frequency from the pure membrane value 0 = Ofi usu-
ally is small, specifically, 0(A~1/2). Since this pure mem-
brane frequency is independent of the edge angle \l/, we ex-
pect that any spherical dome executing axisymmetric vibra-
tions will have a natural frequency near 12 ̂  if the edge is
clamped or fixed-hinged.

The degree to which this expectation is fulfilled depends
mostly on the size of S($) in the fixed-hinged case and S(\//) —
C(t) in the clamped case. If S(\l/) - C(\l/) « 0 when
12 = 12,8 in the clamped case, then the true natural frequency
may differ considerably from 12 B and similarly for the fixed-
hinged case. For example, if \[/ = 56° and h/R = 0.05,
then S(\l/) — C (\l/) ~ 0 in the clamped case for 12 =
125. A trial-and-error calculation based on (6) gives, for v
= 0.3, the value 12 « 1.79 as compared with 12 = 1.696
for \[/ = 60°. The difference between 12̂  and the accurate
value of 12 is much larger for the case \l/ = 56°, where

- C(^) « 0, than for ^ - 60°, where S(\l/) -
= 0(1).
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The frequency conditions (1) and (6) support the conjecture
that for a clamped or fixed-hinged edge the graph vs \f/ of this
frequency will consist of a rapid oscillation with fairly small
amplitude (the amplitude depending roughly on e1/2) about
the value 12 = $1B = [2/(l - ^)]1/2.
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Reply by Author to E. W. Ross Jr.
GERALD A. COHEN*

Philco Corporation, Newport Beach, Calif.

IN reply to Ross' very pertinent comments, I would simply
like to add the fact that a hand computation shows the

ratio of bending strain energy to total strain energy for the
third axisymmetric mode of the 60° fixed-hinged spherical
shell (h/R = 0.05, v = 0.3) to be approximately 0.12. This
result is in accordance with Ross' observation that although
the third frequency is close to the pure membrane frequency,
the mode is considerably different from the pure membrane
mode.
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Errata: "Theory of Electrostatic
Double Probe Comprised of Two

Parallel Plates"

PAUL M. CHUNG* AND VICTOR D. BLANKENSHIP|
Aerospace Corporation, San Bernardino, Calif.

[AIAA J. 4, 442-450 (1966)]

CERTAIN printout errors in the digital computer program
pertaining to Figs. 2 through 6, have been brought to

our attention.
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Fig. 8 Correlation of saturation potential.

According to the corrected numerical results, the assump-
tion (l//3m)(Om/hY « m' is more acceptable than the one on
the second derivative made preceding Eq. (22). Equation
(22) should be changed to

(l/Sc<)[m+ (l/pm)(dm/h)}»~+ f[m+ (l/PJ(Bm/K)]r. = 0

The solution of the preceding equation should replace that of
Eq. (22) in Eqs. (24) and (39).

According to the revised correlation (Te/Tg)m should be
determined from the relationship given in Fig. 8 instead of
Eq. (52) and Fig. 4. Also, Ju = 0.5 + 0.47 (Te/Tg)m should
replace Ju = 0.9 in Eq. (53). The general discussions of the
paper are still valid. A detailed discussion of the correction
is given on the errata for Aerospace Corporation TDR-
469(S5240-10)-3 under the same title.

Errata: "Hypersonic Flow over a
Delta Wing of Moderate Aspect Ratio"

N. D. MALMUTH*
North American Aviation, Inc., Los Angeles, Calif.

[AIAA J. 4, 555-556 (1966)]

TNCORRECTLY typeset expressions are:

1) The left-hand side of the equation for AQ and B0, which
should read AQ = BQ

2) The definition of GM, which should read:
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